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ALGORITHMS

CHAPTER 6
DEVELOPMENT OF MEMBERSHIP 
FUNCTIONS



INTRODUCTION
In this section we introduce one class of 
algorithms which use the concept of Darwin's 
theory of evolution. 
Darwin's theory basically stressed the fact that 
the existence of all living things is based on the 
rule of “survival of the fittest ”.
Darwin also postulated that new breeds of living 
things com in to existence through the 
processes of reproduction, crossover and 
mutation among existing organisms.



EVOLUTION OF POSSIBLE SOLUTIONS
These concepts in theory of evolution have been 
translated in to algorithms to search for solutions to 
problems in a more “natural” way. The process is:

1. different possible solutions are created;

2. a fraction of the good solutions are selected and 
others are eliminated;

3. good solution undergo the process of reproduction, 
crossover and mutation;   

4. the new generation of possible solutions is created;
5. This process is repeated until there is convergence within a 

generation.



The benefit of this technique

1. a broad (nearly infinite number) spectrum of 
possible solutions for search;

2. perform an intelligent  search for a solution by 
genetic algorithms.



Coding

In a genetic algorithm, the parameter set 
of the problem is coded as finite string of 
bits.

For example, If giving a set two-dimensional data 
(x, y – data points) and we want to fit a linear 
curve (straight line) through the data. We 
encode the parameter set for a line (y = C1 x + 
C2) by creating independent bit strings for the 
two unknown constants C1 and C2  and join 
them (concatenate[kɔn'kætineit] the strings ).



Coding
The bit strings are combinations of zeros 
and ones, which represent the value of a 
number in binary form. ( An n-bit string can 
accommodate all integers up to the value 
2ⁿ - 1.)
For number 7 requires a 3-bit string:  2³-1=7

the bit string would look like “111”
where the 1unit digit is in the   2² place (=4),

the 1unit digit is in the  2¹ plaice (=2),
the 1unit digit is in the  2º plaice (=1).

Hence,      4+2+1=7



Bit string be mapped to parameter

The bit string may be mapped to the value of a parameter  
C i, j = 1, 2 ,   by the mapping

b - the number in decimal form that is been represented in 
binary form

L - length of he bit string
Cmax and Cmin - user defined constants which C1 and C2 

vary linearly and its parameters depend on the problem.



GA AND BASIC PROCESSES
■ GA contain three basic operators: reproduction, 

crossover and mutation.
■ The overall process of GA.
1.  An initial population of n strings (for n parameters) of 

length L is created. 
The strings are created in a random fashion.

2. Each of the strings is decoded into a set of parameters 
that it represents. 

This set of parameters is passed through a numerical 
model of the  problem space. Numerical model gives 
out a solution based on the input set of parameters.



GA AND BASIC PROCESSES
3.On the bases of the quality of this solution, the 

string is assigned of fitness value. The fitness 
values are determined for each string of the 
entire population of strings. 

4. With these fitness values the three genetic 
operators are used  to create a new generation of 
strings, which is expected to perform better then 
the previous generations. 

5.The new set of string is again decoded and 
evaluated, and a new generation is created, 
using the three basic genetic operators. 

6.This process is continued until convergence is 
achieved within a population.



Three genetic operators-- reproduction
1. reproduction

reproduction is the process by which 
strings with better fitness values receive  
correspondently better copies in the new 
generation. 
This is a way to ensure the “survival of the 
fittest” strings.
In the process of reproduction total number 
of strings in each generation is kept a 
constant and strings with lower fitness 
values are eliminated.



Three genetic operators--crossover

2. crossover. 
It is the process in which the strings are able 
to mix and match their desirable qualities in a 
random fashion. 
It proceeds in three steps:

First: two new strings are selected at random 

1 0 0 0 1 0 1 0 0 1

0 1 0 1 0 1 0 1 1 0



Second: selecting random location in both strings

Third: exchanging the portions of the strings to the right of 
the randomly selected location in the two strings. 

In this way information is exchanged between strings and 
portions of high-quality solutions are exchanged and 
combined. 

1 0 0 0 1 0 1 0 0 1

0 1 0 1 0 1 0 1 1 0

1 0 0 0 1 0 1 1 1 0

0 1 0 1 0 1 0 0 0 1

Three genetic operators--crossover



Reproduction and crossover together 
give genetic algorithms most of their 
searching power.

Three genetic operators



3. mutation. 
It helps to increase the searching power.
During the creation of the generation it is possible that 
the entire population of strings  is missing a vital bit of 
information that is important for determining the correct 
of the most nearly optimum solution.
Occasionally, the value at a certain string location is 
changed (if there is one originally at a location in the bit 
string, it is change to a zero, or vice versa). 
Mutation as it does in nature, takes place very rarely, 
once in a thousand  bit string location (a suggested 
mutation rate is 0.005/bit/generation).

Three genetic operators--mutation



Mutation thus insures that the vital bit of 
information into the generation. 

Three genetic operators--mutation



Example 6.4
Let us consider the data set on Table 6.6. For 

performing a line (y = C1x+C2) fit,
Table 6.6  Data set through which a line fit is required

Data number x y´
1 1.0 1.0
2 2.0 2.0
3 4.0 4.0
4 6.0 6.0



Example 6.4

1. first encode the  parameter set (C1,C2) in the 
form of bit strings.
(Bit strings are created with random assignment of 1 
and 0 at different bit locations. We start with an initial 
population of four strings (Table 6.7a, column2). The 
strings are 12 bits in length. The first 6 bits encode the 
C1, and the last 6 bits encode C2. Table 6.7a,)

2. Column 3 and 5, shows the decimal equivalent 
of their binary coding.  These binary values for 
C1 and C2 are then mapped into values relevant 
to the problem Eq. (6.15)

(  here, Cmin i = -2 and Cmax i = 5. Using these values, 
we compute C1 and C2 (Table 6.7a, column 4 and 6). )



Example 6.4 (continue)
3. The values shown in Table 6.7a, columns 

7,8,9,10 are the values computed using the 
equation y = C1x+C2, using the values of C1 and 
C2 from columns 4 and 6, respectively for 
different values of x as given in Table 6.6. 

4. These computed values for the y are compared 
with the correct values (Table 6.6), and the 
square of the errors in estimated for each string. 

This summation is subtracted from a large 
number (400 in this problem) (Table 6.7a, 
column11) to convert the   problem in to a 
maximization problem. 



Example 6.4 (continue)

5. The values in table 6.7 column11 are the 
fitness values for the four strings. 

6. The fitness value of each string is divided by 
the average fitness value of the whole 
population of strings to give an estimate of the 
relative fitness of each string (Table 6.7a, 
column12). 

This measure also acts as a guide as to which 
strings are eliminated from consideration for the 
next generation and which string “gets 
reproduced” in the next generation.
In this problem a cutoff value of 0.80 (relative 
fitness) has been used for the acceptability of 
string succeeding into the next generation.   



Example 6.4 (continue)
7. Table 6.7a, column13 shows the number of copies of 

each of the four strings that would be used to create the 
next generation of strings. 

8. Table 6.7b is continuation of Table 6.7a. 

The first column in Table 6.7b shows the four strings 
selected from the previous generation aligned for 
crossover at the location shown in the strings in column 2. 
These strings undergo the same process of decoding 
and  evaluation as the previous  generation. This process 
is shown in Table 6.7b, column 3-13. The average fitness 
of the second generation is greater than that of the first 
generation of strings.

The process of generation of string and their evaluation  is 
continued until we get a convergence to the solution 
within a generation.    



GENETIC ALGORITHMS AND BASIC PROCESSES
Table 6.7a  First iteration using a GA

(1)
№

(2)
String

(3)          (4)
C1 (bin.) C1

(5)                 (6)
C2     (bin.)     C2

(7)
Y1

(8)
Y2

(9)
Y3

(10)
Y4

1 000111 010100 7 -1.22 20 0.22 -1.00 -2.22 -3.44 -7.11
2 010010 001100 18 0.00 12 -0.67 -0.67 -0.67 -0.67 -0.67
3 010101 101010 21 0.33 42 2.67 3.00 3.33 5.00 4.67

4 100100 001001 36 2.00 9 -1.00 1.00 3.00 3.67 11.00

(2)  String (11) f (x) = 400-∑(yi-yi´)² (12)  Expected count = 
f/fav

(13) Actual  count

000111 010100 147.49 0.48 0

010010 001100 332.22 1.08 1
010101 101010 391.44 1.27 2
100100 001001 358.00 1.17 1
- Sum                   1129.15                 - -
- Average              307.29 - -
- Maximum             391.44 - -



GENETIC ALGORITHMS AND BASIC PROCESSES
Table 6.7b  Second iteration using a genetic algorithm (E.6.4)

(1)
Selected 
strings

(2)
New strings

(3)       (4)       
C1        C1

(bin.)

(5)      (6)
C2      C2

(bin.)

(7)
Y1

(8)
Y2

(9)
Y3

(10)

Y4

0101|01 101010 010110 001100 22 0.44 12 -0.6 -0.22 0.22 1.11 2.22

0100|10 001100 010001 101010 17 -0.11 42 2.67 2.56 2.44 2.22 2.22

010101 101|010 010101 101001 21 0.33 41 2.56 2.89 3.22 3.89 4.56

100100 001|001 100100 001010 36 2.0 10 -0.89 1.11 3.11 7.11 11.11

- - - - - - - -
- - - - - - - -
- - - - - - - -



GENETIC ALGORITHMS AND BASIC PROCESSES

Table 6.7b Second iteration using a genetic algorithm (E.6.4)
(continue)

(1)
Selected strings

(2)
New strings

(11)

f (x) = 400-∑(yi-yi´)²
(12)
Expected 
count

= f/fav

(13)
Actual
count

0101|01 101010 010110 001100 375.78 1.15 1

0100|10 001100 010001 101010 380.78 1.17 2

010101 101|010 010101 101001 292.06 0.90 1

100100 001|001 100100 001010 255.73 0.78 0

- - Sum              1304.35 - -

- - Average          326.09 - -

- - Maximum         380.78 - -



Computing membership functions using GA

GA can be used to compute membership 
functions. 
Giving some functional mapping for a system, 
some membership functions and their shapes are 
assumed for the various fuzzy variables defined 
for a problem. 
These membership functions are then coded as 
bit strings that are then concatenated. An 
evaluation function is used to evaluate the fitness 
of each set of membership functions. 



Let us consider that we have a single-input (x), 
single-output (y) system with input-output values as 
shown in Table 6.8. 
Table 6.8                                   Table 6.9 

Table 6.9 shows a functional mapping for this system 
between the input (x) and the output (y).

X 1 2 3 4 5

y 1 4 9 16 25

X S L
y S VL

Example 6.5



Example 6.5
We assume that the range of the variable x is [0,5] and 
that of y is [0,25], and that each membership function has 
the shape of a right triangle .



Example 6.5 (continue)
The only thing needed to describe the shape and 
position of the membership function fully is the length of 
the base of the right-triangle membership functions. We 
use this fact in encoding the membership functions as bit 
strings.
The unknown variables are the length of the bases of the 
four membership functions (x(S,L)) and (y(S,VL)). 
We use 6 bit binary strings to define the base of each of 
the membership functions. These strings are then 
concatenated    to give us a 24-bit  (6x4) string. 



Example 6.5 (continue)

we start with an initial population of four strings. 
These are decoded to the binary values of the 
variables as shown in Table 6.10a, column 
2,3,4,5.
The binary values are mapped to decimal values 
for the fuzzy variables using Eq (6.15), (Table 
6.10a, columns 6,7,8,9).

For the fuzzy variable x (range x=0.5) we use Cmin = 
0 and Cmax = 5 for both the membership functions S 
and L. 

For the  fuzzy variable y (range y=0.25) we use Cmin = 
0 and Cmax =25.



Example 6.5 (continue)
The physical representation of the first string  is shown in 
Fig. 6.14. In this figure the base values are obtained 
from Table 6.10a, columns 6,7,8,9,10. 
For example the base values for the x variable for string 
number 1 are 0.56 and 5 – 1.59 = 3.41. And the base 
values for the y variable are 8.73, and 25 - 20.24 = 4.76. 



Example 6.5 (continue)

To determine the fitness of the combination of 
membership functions in each of the strings, we 
want a measure of the square of the errors that 
are produced in estimating  the value of the 
outputs y, giving the inputs x from Table 6.8.

Figure 6.14 shows how the value of the output 
y can be computed graphically from the 
membership functions from string number 1 in 
Table 6.10a.



Example 6.5 (continue)
For example: for x = 4 the membership of x in the fuzzy 
class Large is 0.37. (Referring to the if x is Large then y 
is Very Large. ) We look for the value in the fuzzy class 
Very Large of fuzzy variable y that has a membership of 
0.37. We determine this to be equal to 12.25. The 
corresponding actual  value for y is 16. (Table 6.8). 
Therefore, the squared error is    (16-12.5)² =14.06  



Example 6.5 (continue)

Table 6.10, columns 10,11,12,13,14 show the 
values computed for y using the respective 
membership functions. 
column 15 shows the sum of the squared errors 
subtracted for 1000 (a maximization problem). It 
thus shows the fitness values for the four strings. 
The average fitness of the generation is used to 
determine the relative fitness of the strings in the 
generation (column 16). 
In this problem a cutoff value of 0.75 (relative 
value) has been use for the acceptability for a 
string propagating in to the next generation.



Example 6.5 (continue)

column 17,  shows the number of  copies of each 
of the four strings that would be used to create 
the next generation of strings. 
Table 6.10b is a continuation of Table 6.10a. 
The average fitness of the second generation is 
greater than that of the first generation of strings. 



Computing membership functions using 
genetic algorithms
Table 6.10a  First iteration using a genetic algorithm for 

determining optimal membership functions  
№ (1)

String
(2)
Base 1
(bin.)

(3)
Base 2
(bin.)

(4)
Base 3
(bin.)

(5)
Base 4
(bin.)

(6)
Base1

(7)
Base2

(8)
base3

1 000111 010100 010110 110011 7 20 22 51 0.56 1.59 8.73

2 010010 001100 101100 100110 18 12 44 38 1.43 0.95 17.46

3 010101 101010 001101 101000 21 42 13 40 1.67 3.33 5.16

4 100100 001001 101100 100011 36 9 44 35 2.86 0.71 17/46



Computing membership functions using 
genetic algorithms
Table 6.10a  (continue)
№ (9)

Base4
(10)

y´
(x=1)

(11)
y´

(x=2)

(12)
y´

(x=3)

(13)
y´

(x=4)

(14)
y´

(x=5)

(15)
1000-
∑ (yi-yi´)²

(16)
Expected
Count

= f/fav

(17)
Actual
Count

1 20.24 0 0 0 12.25 25 887.94 1.24 1

2 15.08 12.22 0 0 0 25 521.11 0.73 0

3 15.87 3.1 10.72 15.48 20.24 25 890.46 1.25 2

4 13.89 6.98 12.22 0 0 25 559.67 0.78 0

Sum             2859.18

Average        714.80

Maximum      890.46



Computing membership functions using 
genetic algorithms
Table 6.10b  Second iteration using a genetic algorithm for 

determining optimal membership functions

№ (1)
Selected Strings

(2)
New strings

(3)
Base 1
(bin.)

(4)
Base 2
(bin.)

1 000111 0101|00 010110 110011 000111 010110 001101 101000 7 22

2 010101 1010|10 001101 101000 010101 101000 010110 110011 21 40

3 010101 101010 001101 1|01000 010101 101010 001101 100011 21 42

4 100100 001001 101100 1|00011 100100 001001 101100 101000 36 9



Computing membership functions using 
genetic algorithms
Table 6.10b (continue)
№

(5) B
ase 3

(6) B
ase 4

(7) B
ase 1

(8) base 2

(9) B
ase 3

(10) B
ase 4

(11) 
y´
X=1

(12)
y´
X=2

(13)
y´
X=3

(14)
y´
X=4

(15)
y´
X=5

(16)
1000-
∑ (yi-
yi´)²

1 13 40 0.56 1.75 5.16 15.87 0 0 0 15.93
25 902.00

2 22 51 1.67 3.17 8.73 20.24 5.24 5.85 12.23 18.62
25 961.30

3 13 35 1.67 3.33 5.16 13.89 3.1 12.51 16.68 20.84
25 840.78

4 44 40 2.86 0.71 17.46 15.87 6.11 12.22 0 0
25 569.32

Sum  
3273.40

Average 
818.35

Maximum 
961.30



Computing membership functions using 
genetic algorithms
Table 6.10b (continue)

№ (17) Expected count = f/fav (18) Actual  count

1 1.10 1

2 1.18 2

3 1.03 1

4 0.70 0



Figure 6.15 shows the physical mapping of the 
best string in the first generation. 

Example 6.5 (continue)



Membership values for the y variable in Fig. 6.16 
show overlap, which is a very desirable property
of membership functions. 

Example 6.5 (continue)



The process of generating and evaluating 
strings is continued until we get a convergence
to the solution within a generation, we get the 
membership functions with the best fitness value.

Example 6.5 (continue)
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